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Abstract 



We show existence and uniqueness of solutions to BSDEs of the form 



£+ / f(s,Y s ,Z s )ds- / Z s dW s 



t Jt 



in the case where the terminal condition £ has bounded Malliavin derivative. The driver f(s, y, z) is 
assumed to be Lipschitz continuous in y but only locally Lipschitz continuous in z. In particular, 
it can grow arbitrarily fast in z. If in addition to having bounded Malliavin derivative, £ is 
bounded, the driver needs only be locally Lipschitz continuous in y. In the special case where the 
BSDE is Markovian, we obtain existence and uniqueness results for semilinear parabolic PDEs 
with non-Lipschitz nonlinearities. 

Keywords: Backward stochastic differential equation, Malliavin derivative, semilinear parabolic 
PDE, Neumann boundary condition, Dirichlet boundary condition, viscosity solution. 

1 Introduction 

The aim of this paper is to show existence and uniqueness of solutions to BSDEs (backward stochastic 
differential equations) of the form 



in the case where the terminal condition £ has bounded Malliavin derivative. 

(Wt)o<t<T is an ra-dimensional Brownian motion on a probability space (fi,.F, P) and £ is an 
J^-measurable random variable, where (Ft)o<t<T is the augmented filtration generated by W . The 
driver / is a function from [0, T] x f2 xixM" to R that is measurable with respect to 'P<X>£>(M)(g>£>(M n ), 
where V is the predictable sigma-algebra on [0, T] x Q. As usual, we identify random variables that 
are equal P-almost surely and accordingly, understand equalities and inequalities between them in 
the P-almost sure sense. The Euclidean norm on M. d is denoted by |.|, and xy stands for Ya=i x iUij 
x,y 6 M. d . We work with the following 

Definition 1.1. A solution of the BSDE (jl.ip is a pair (Yt, Zt)o<t<T of predictable processes taking 
values inRx R n such that J Q T (\f(t,Y t , Z t )\ + \Z t \ 2 ) dt < oo and flU]) holds for allO<t<T. 
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For p G [1, oo], we denote 

• S^IR^) := the space of M d - valued continuous adapted processes X satisfying 



l-^llsp : 



sup \X t \ 

0<t<T 



< OO 



LP 



where processes X, Y are identified if \\X — Y\\&> = 0. 

U p (R d ) := the space of M. -valued predictable processes X satisfying 



\X\ 



\X t \ 2 dt 



1/2 



< oo if p < oo and 



LP 



|X||hoo := esssup |JQ(a))| < oo if p = oo, 
(t,w)e[o,T]xn 



where processes X, Y are identified if \\X — Y\\^t> = 0. 



(/, £) are said to be p-standard parameters if they satisfy the following three conditions: 

(51) £ G D>{F T ) 

(52) \f(t,y,z) - f{t,y',z')\ < L(\y - y'\ + \z- z'\) for a constant L G M + 

(53) /(,0,0) GHP(M). 

It can be shown with a Picard iteration argument that for all p G (l,oo), a BSDE of the form 
(jl.ip with p-standard parameters has a unique solution (Y,Z) in § P (IR) x H p (R n ); see Theorem 5.1 
in El Karoui et al. Kobylanski |14] proved the existence of a unique solution in the case where 
/ does not grow faster than quadratically in z and £ is bounded. BSDEs with drivers of quadratic 
growth in z and unbounded terminal conditions have been studied by Briand and Hu [3l 13] as well 
as Delbaen et al. |8j. Delbaen et al. [7] showed that if the driver / only depends on z, is convex and 
has superquadratic growth, there exist bounded terminal conditions such that the BSDE (|l.ip has 
no solution with bounded Y, and if the BSDE admits a solution with bounded Y, it has infinitely 
many of them. Moreover, they proved the existence of a solution for Markovian BSDEs when the 
terminal value is a bounded continuous function of the terminal value of a forward process. Richou 
|20| proved the existence of solutions to more general Markovian BSDEs in the case where / and £ 
satisfy a local Lipschitz condition with respect to the underlying forward process. In Cheridito and 
Stadje [5] it is shown that BSDEs whose drivers are convex in z have unique solutions with bounded 
Z if / and £ are Lipschitz continuous functionals of the path of the underlying Brownian motion. 

In this paper / can grow arbitrarily fast in z, and we do not make Markov or convexity as- 
sumptions. On the other hand, we require / and £ to be Malliavin differentiable with bounded 
Malliavin derivatives. We recall that % := L 2 ([0, T]; M n ) is a Hilbert space with scalar product 
{hi,h-2) '■= J hi(t)h2(t)dt, and the mapping h i-> / h(t)dW t is a Hilbert space isomorphism be- 
tween % and the first Wiener chaos of W. The corresponding Malliavin derivative of a Malliavin 
differentiable random variable £ is an n-dimensional stochastic process DtS,, < t < T, whose compo- 
nents we denote by -DJ£, i = 1, . . . , n. The Sobolev space D 1,2 is defined as the closure of the class of 



smooth random variables £ with respect to the norm ||£|| 



1,2 



E 



1/2 



see Nualart 



) denotes the space of R d - valued progressively measurable processes X satisfying 
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(i) X t G (B l > 2 ) d for almost all t 

(ii) (t, oj) i y DX t (co) G (L 2 [0,T]) nxd admits a progressively measurable version 



(iii) := ||X|| H 2 + 



Jo Jo \D r X t \ 2 drdt) 



1/2 



< oo, 



L 2 



where processes X, Y are identified if II A — Y\L 1,2 = 0. 
Now consider the conditions: 

(Al) The terminal condition £ is in D 1,2 and there exist constants Ai G R + such that \D\£\ < A4 
dt (g) cflP-a.e. for all i = 1, . . . , n. 

(A2) There exist a constant B G R + and a nondecreasing function p : R + — > R + such that 

\f(t,y,z)-f(t,y',z)\ <B\y-y'\ and \f{t,y,z)-f{t,y,z')\ < p(\z\ V \z'\)\z - z'\ 
for all t G [0, T], y, y' G R and z, z' G R n . 



(A3) /(.,0,0) G 
r T „ 2 



and there exist Borel-measurable functions qi : [0,T] 



satisfying 



Jo Qi(t)dt < 00 such that for every pair (y, z) G 



with 



|z| < Q :-- 



i(t)e- B ( T -Vdt 



one has /(•, y, z) G La' 2 (R) and \Dlf(t, y, z)\ < qi{t) dr ® dP-a.e. for all % = 1, . . . , n. 
(A4) For a. a. r G [0, T], there exists a non- negative process K r . in H 4 (R) such that 

/ Hi^Jl^dr < 00 and \D r f(t, y, z) - D r f(t,y', z')\ < K rt (\y - y'\ + \z - z'\) 
Jo 

for all t G [0,T], y,y' G R and G R n satisfying |z|, |z'| < Q. 

Our main result is the following 

Theorem 1.2. // (A1)-(A4) hold, then the BSDE (fTTTT) has a unique solution (Y, Z) in S 4 (R) x 
M 00 (R n ), and for all i = 1, . . . , n, 

\Z l t \<(Ai + J qi(s)e- B( - T -^ds^J e^-V dt®dF-a.e. 

Remark 1.3. If for a. a. r G [0, T], the process K r , in (A4) is bounded, the condition /(., 0, 0) G M 4 (R) 
can be dropped from (A3). Then the statement of Theorem 1 1 . 21 still holds, except that Y is in S 2 (R) 
instead of S 4 (R). This is due to the fact that in this case, /(.,0,0) G H 4 (R) is not needed in 
Proposition 12. II below; see Remark 12.31 



In the next corollary, we assume that the terminal condition ^ is bounded and has bounded 
Malliavin derivative. This allows us to relax some of the assumptions of Theorem 11.21 on the driver 
/. The precise conditions we need are the following: 
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(Bl) £ satisfies (Al) and there exists a constant C G M+ such that |£| < C . 

(B2) There exist constants B,D G and a nondecreasing function p : — )• M+ such that 

\f(t,y,z)-f(t,y',z)\<B\y-y'\ 
\f(t,y,z) - f(t,y,z')\ < p(\z\V \z'\)\z - z'\ 
\f(t,y,z)\<D(l + \y\)+p(\z\)\z\ 

for all t G [0,T], y,y' G M with < R ■= {C + l)e DT - 1 and all z,z' G M n . 

(B3) Condition (A3) holds for all (y,z) elxM™ such that \y\ < R and |z| < Q. 

(B4) Condition (A4) holds for all t G [0, T], y, y' G R and z, z' G R n such that |y|, < R and 
|z|,|z'| < Q. 

Corollary 1.4. Assume (B1)-(B4). T/ien i/ie SS'DE dH} /ias a uni^e solution (Y,Z) in x 
H 00 (M n ), and 

\Y t \ <(C + l)e Di ~ T - t] - 1 for all t G [0, T] 

\Z\\ < (y A i + j t qi(s)e- B{T - s) ds^j e 3 ^^ dt®dF-a.e. for all i = 1, . . . , n. 

Theorem 11.21 and Corollary 11.41 are proved in Section [2) In Section [3] we show that every terminal 
condition that is Lipschitz in the underlying Brownian motion has a bounded Malliavin derivative. 
On the other hand, we give an example of a terminal condition with bounded Malliavin derivative 
that is not Lipschitz in the underlying Brownian motion. This shows that condition (Al) is weaker 
than Lipschitz continuity in the underlying Brownian motion. In Sections @H6] we generalize results on 
the relation between Markovian BSDEs and semilinear parabolic PDEs to the case of non-Lipschitz 
nonlinearities. In Section|3]we study Markovian BSDEs based on forward processes following standard 
diffusion dynamics and related PDEs for functions u : [0, T] x R m —> R. Theorem 11.21 and Corollary 
11.41 will allow us to extend results of Amour and Ben-Artzi [lj and Gilding et al. [11] on the existence 
of solutions to nonlinear heat equations. Section [5] is devoted to BSDEs with random terminal times 
and parabolic PDEs with Dirichlet boundary conditions. Finally, Section [6] discusses BSDEs based on 
reflected forward processes and their relation to parabolic PDEs with Neumann boundary conditions. 

2 Proof of Theorem 11.21 and Corollary 11.41 

In a first step we need the following stronger versions of conditions (A2)-(A4): 
(A2') f(t,y,z) is continuously differentiable in (y,z) and there exist constants B,p£ R + such that 

\d y f(t,y,z)\<B, \d z f(t,y,z)\<p 
for all t G [0,T], y G K and z G R n . 
(A3') Condition (A3) holds for all (y,z) eRxR n . 
(A4') Condition (A4) holds for all t G [0,T], y,y' G R and z,z' G R n . 
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Proposition 2.1. // (Al), (A2'), (A3'), (A4') are satisfied, then the BSDE ([LI]) has a unique 



solution (Y,Z) in § 4 (M) x H 4 (M n ), and 



Z\\ < + J qi{s)e- BiT - s) ds^j e B{T ~^ dt ® dP-a.e. 



(2.1) 



Proof. By Lemma 12.21 below, condition (Al) implies E|£| p < oo for all p G R+. So it follows from 
Theorem 5.1 and Proposition 5.3 of El Karoui et al. |1U| that the BSDE (jl.ip has a unique solution 



(Y, Z) in § 4 



where 



and (Y, Z) G L„ 



1,2/irpn+l'' 



Moreover, for all i = 1, . . . , n, 



L>*Z t ) = (C/ t r , y/) dr®dt® cflP-a.e. and Z| = C/ t * dP-a.e., 



E£ = 0, V t r = 0, < t < r < T, 



and for each fixed r, (U[ , Vt) r <t<T is the unique pair in S 2 



solving the BSDE 



r 



u r t = dx+ / [a y /( 5 , y fl) z s )u r s + a 4 /( s , n, z s )y; + y s , z s )\ds 



Since (E21) and the two BSDEs 



V s r dW s 



U t = Ai + J (B\U s \+p\V s \+ qi {s))ds- J V s c 

U t = -A, - f T (B\U S \ + p\V s \ + qi {s)) da- Tv 
Jt Jt 



4W S 



(2.2) 

(2.3) 
(2.4) 



have 2-standard parameters, one obtains from the comparison result, Theorem 2.2 in El Karoui et 
al. [TO], that U t < U[ < U t for all t G [0,T]. But the solutions to (J23J) and ((23J) are given by 



Ut 



U t = U + J T qi {s)e- B ^ds\ e B ^\ V t = V t = 0. 



This shows (|2Jj) . 

Lemma 2.2. satisfies (Al), f/ien E|£| p < oo /or aZZ p G [l,oo) 



□ 



Proof. If £ satisfies (Al), it is square- integrable. By the Clark-Ocone formula, one can represent £ as 
£ = E [£] + J T E [D^J^] dWt- Applying the Burkholder-Davis-Gundy inequality to the martingale 
M t = JqE [Dj^I-Fs] dW s , one obtains a constant c p G M+ such that 



E 



sup \M t \ p 

0<t<T 







E [£> t £| F t ] \ 2 dt 



< oo, 



which proves the lemma. 



□ 



Remark 2.3. If for a. a. r G [0, T], the process K r in (A4') is bounded, Proposition 12.11 still holds if 
the condition /(.,0,0) G M 4 (]R) is dropped from (A3') except that then, (Y,Z) is in § 2 (M) x U 2 (R n ) 



and not necessarily in §- 



ir4finm 



). This is true because in this case, the proof of Proposition 



5.3 in El Karoui et al. [TO] still works without the assumption /(.,0, 0) G 



with the difference 



that it yields a solution (Y, Z) of the BSDE dHJ) in S 2 (M) x M 2 (IR n ) instead of § 



ir4/njn 



)■ 
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To derive Theorem 11.21 from Proposition 12.11 we need the following result, which is Proposition 
5.1 of El Karoui et al. [10] in the special case of a Brownian filtration and p = 2. 

Proposition 2.4. (El Karoui et al., 1997) For every L G M + there exist constants [a, v > satis- 
fying the following: IfT<fi, then for all 2-standard parameters (f l , i = 1,2, such that f 1 fulfills 
the Lipschitz condition (S2) with Lipschitz constant L, the BSDE solutions (Y l ,Z l ) corresponding to 
(f,e) satisfy 



Y' - Y 



2 1 1 2 



+ \\z l - z 



2|| 2 

lH 2 



< vE 



e-e\ 2 + [ T (f\t,Y?,z?)-f(t,Y?,z?)) 2 dt . 

Jo 



Proof of Theorem 11.21 

Define 



f(t,y,z) 



f(t,y,z) i£\z\<Q 
f(t,y,Qz/\z\) r£\z\>Q 



Then (/, £) are 4-standard parameters. So the corresponding BSDE has a unique solution (Y, Z) in 
§ 4 (M) x M 4 (M n ). Denote x = (y,z) G R n+1 and let /? G C~(R n+1 ) be the mollifier 



P(x) :- 



A exp 




1— \x [■ 



if |x| < 1 
otherwise 



where the constant A G R + is chosen so that L„+i j3(x)dx = 1. Set (3 m (x) := m n+1 j3(mx), m G 
N\ {0}, and define 



f m it,u,x) :-- 



f(t,u,x r )/3 m (x-x')dx'. 



Then all f m satisfy (A2')-(A4'). Therefore, one obtains from Proposition 12.11 that there exist unique 



solutions (Y m ,Z m ) in S 4 



x 



to the BSDEs corresponding to {f m ,(), and \Z t ' | < ai(t) :- 



(Ai + qi(s)e~ B< " T ~ s ^ds)e B ( T ~ t \ Since / satisfies the Lipschitz condition (S2) for some constant 
L G R+, one can choose constants v > such that the statement of Proposition 12.41 holds. This 
gives 



\Y -Y 



m\\2 



,{T-ix,T] 



+ \\Z-Z 



m\\2 



lH 2 ,[T-/i,T] 



< vE 



T-ft 



f(t,Y t m ,Zn-f m (t,Y t m ,Z? 



dt 



Since 



f-r 



uniformly in (t,u),y,z) as m — > oo, one obtains E (Yr-fj — Y^ 



m \2 



and 



— a i(t) f° r T — fj, < t < T. Proposition 12.41 applied on the interval [T — 2/i, T — fj] yields 



\Y-Y m \\l 2 <r „..„, ,, + \\Z-Z m " 2 



< vE 



S 2 ,[T-2ii,T-fi] * II n \\ll 2 ,[T-2fi,T-fi] 

T ^ (f(t,Y t m ,zn - r(t,Yr,zn) 2 dt 

T-2/i v 7 



m \2 



So E 



T-2/j, 



I T-2fi) 



-7- and \Z\\ < ai(t) for T — 2fi < t < T — fj,. By repeating this argument, 

one gets \Z\t)\ < Oi(i) for all t G [0,T]. It follows that (Y, Z) is also a solution of the BSDE (fL~T|) 
with parameters (/,£)• 



Finally, if (Y, Z) is another solution in S 



l n ) corresponding to (/, £), it must be equal 



to (Y, since both solve the BSDE (jl.ip with a 4-standard driver / that coincides with / for \z\ < Q, 
where Q G R+ is a bound on Z and Z. □ 
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Proof of Corollary 11.41 

Consider the following three BSDEs 



Y t = £+ / f(s,Y s ,Z s )ds- / Z s dW s (2.5) 
Jt Jt 

Y t = C+ [ T J(s,Y s ,Z s )ds- [ T Z s dW s (2.6) 



Y t 

where f(t, y, z) := f(t, y, z) for 



-C+ f T l(s,Y s ,Z s )ds- f T Z s dW s , (2.7) 
Jt Jt 



v-{ y if M^ and ~ z -{ z if i^i < ^ 

V ■ \ Ry/\y\ if \y\ >R ' \ Qz/\z\ if \z\ > Q ' 

J(t,y,z) := D(l + \y\) + p(Q)\z\ and f_(t,y,z) := -J(t,y,z). f satisfies (A2)-(A4) and has the 
following two properties: 

1) f(t,y,z) = f(t,y,z) for all (t,y,z) such that \y\ < R and \z\ < Q 

2) l(t, y, z) < f(t, y, z) < J(t, y, z) for all (t, y, z). 

It follows from Theorem O that ([23]) has a unique solution (Y, Z) in S 4 (R) x M°°(1R ?1 ), and 

fT 



\Z}\<(Ai + J qi {s)e- B ^dsy^ T - 



■t) 



Moreover, one obtains from Theorem 2.2 in El Karoui et al. [10] that 

Y t < Y t < Y t , < t < T, 

and it can easily be checked that 

Y t = -Y t = {C + l)e D ( T -*) - 1, Z t = Z t = 0. 

This gives \Y t \ < (C + l)e Dl ^ T ~^ - 1 < R. So (Y,Z) solves the BSDE dTT) with parameters (/,£)• 
To conclude the proof, assume that (Y, Z) is another solution in §°°(R) x M°°(]R n ). Let Q £ 1 
be a bound on Z and assume 



t* := sup js G [0, T] : f[\Y s \ > R] > o} > 0. 



On [i*,T], Y is bounded by R, and hence, (Y,Z) is equal to (Y,Z) since both solve the BSDE 
(jl.ip with a 4-standard driver / that coincides with / for \y\ < R and |z| < Q V Q. In particular, 
|y t *| < (C + l)e D ( T_ **^ — 1 < R. It follows that there exists an e > such that 

|y t | = |E t Y t * + J E t f{s, Y s , Z s )ds\ <(C + l)e D ( r "**) - 1 + (t* - t)[D(l + R) + p(Q)Q] < R 

for all t 6 [t* — s,t*], a contradiction to the definition of t*. This shows that t* = and (1", Z) = 
(Y,Z). □ 
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3 Lipschitz continuity and Bounded Malliavin derivatives 

In this section we show that terminal conditions £ that are Lipschitz continuous in the underlying 
Brownian motion W are Malliavin differentiable with bounded Malliavin derivative. On the other 
hand, we give an example of a terminal condition with bounded Malliavin derivative which is not 
Lipschitz continuous in W. This shows that condition (Al) is more general than Lipschitz continuity 
in W. 

Definition 3.1. We denote the space of all continuous functions from [0, T] to R n starting from by 
Cq [0,T] and call a random variable £ Lipschitz continuous in the Brownian motion W with constants 
At, . . . , A n G R + if £ = tp(W) for a function tp : Cq [0, T] — > R satisfying 



\<p(v)-<p(w)\<J2Ai sup 

0<t<T 



(3.1) 



i=l 



Proposition 3.2. Let £ be Lipschitz continuous in W with constants A\, . . . , A n G R+ . Then £ G B 1 ' 2 
and \D\^\ < A{ dt ® dF-a.e. for all i = 1, . . . , n. 



Proof. Assume £ is of the form (f(W) for a function ip satisfying (|3.ip . For m G N, set tfj 1 := jT / 
j = 0, ... , m, and define the mapping l m : ja; = : xj G M n | ->■ Cq [0,T] by 

t — t m 

l^(x) := and l™(x) := x x + ■ ■ ■ + xj-x + ~Y0~ X ^ for *jM < * - *™ 
Set £ m := </3 o / m (AW(m, . . . , AW/™). For every p G [2, oo), there exists a constant 6 p G 

E|£-fT<6 p E sup |W t 1 -Z t m ' 1 (AW r ,...,AWm)P' 

0<t<T 



such that 



< 6 p E max 



sup 

J'=l,...,m t m <t < t n 



w/ - w 



3-1 



i-l 



T/m 



AW}, 



< b p mE sup 

0<t<T/m 



W f 



™T/m 



T/m 



where for the last inequality, we used that W has stationary increments. It follows that 



U-C\\<{b p m) llp 



sup 

0<t<T/m 



w: 



T/m 



< (6 p m) 1 /P Cp 



W, 



T/m 



T/m 

< (b p m) 1 / p d p ^T~fin~, 



< {bpmf/P 



sup \W}\ 

0<t<T/m 



+ 



w T/m 



where c p and d p are constants depending on p, and the second inequality follows from Doob's maximal 
inequality. For p > 2 the last term goes to as m — > oo. This shows that £ m — > £ in LP for all 
p G (2,oo) and therefore also in L 2 . 
Note that for x,y G R mn , 



|^oZ^)-^oZ-(y)|<^^|4-y 



(3.2) 
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Aexp ^-jq^pj if \x\ < 1 
otherwise 



Let p G C c °°(R mn ) be the mollifier 

0(x) :-- 

where A is a constant so that J Rm n (3(x)dx = 1. Set f3 m (x) := m mn f3{mx) and define 

<p m (x):= [ <por(y)(3 m (x-y)dy, £ m := cp m (AW tT , . . . , AW t ™). 

By Proposition 1.2.3 of Nualart [16J, one has 

m ^ 
i=i 



But it follows from (13.21) that 



< ^ for all So |£>i£ m | < A ® cflP-a.e. Moreover 



^ j n jj ence) one obtains from Lemma 1.2.3 of Nualart [16J that £ is in B 1 ' 2 and D£ m — > D£ 
in the weak topology of L 2 (J7; H). This implies that \D\£\ < Ai dt® dF-a.e. □ 

In the following example we construct a random variable with bounded Malliavin derivative that 
is not Lipschitz in the underlying Brownian motion. 

Example 3.3. Assume T = n = 1. Define 

oo „ t 
k=l J ° 

£:= f h{t)dW t . 
Jo 

Then £ G D 1 ' 2 and D£ = h is bounded by 1. 

On the other hand, it follows from integration by parts that 



and set 



/ h(t)dW t = - g(t)W t dt for all k > 1. 



Therefore, 



£ = - lim / " </(t)Widt, 
which shows that £ cannot be of the form £ = <p(W) for a Lipschitz continuous function cp : Cq[0, 1] 
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4 Markovian BSDEs and semilinear parabolic PDEs 

For (t,x) G [0, T] x R m , we consider an SDE of the form 

Xl' x = x + f b(r,X*?)dr + / a(r)dW r t<s<T, (4.1) 
Jt Jt 

where b : [0, T] x M' m — > W m and a : [0, T] — > M mxn are Borel measurable functions for which there 
exist constants E,F G R_|_ such that for all i G [0, T], G R m and i,j, 

\<Tij(t)\ < E (4.2) 
\k(t,x)\ < F(l + max|x fc |) (4.3) 

k 

\bi(t,x) — bi(t,x')\ < Fmax \xu — x' k \. (4-4) 

k 

Denote W* := W s — W t , s G [t, T], and let (^) s e[i,T] be the filtration generated by W*. By 
(M rf ) we denote the space of all R -valued continuous (J-^)-adapted processes with finite § p -norm 
on [t,T], and by M p t {R d ) the space of all Revalued (J-"*)-predictable processes with finite IP-norm on 
[t,T]. Analogously, we denote by B*' 2 and L*' 2 the spaces B 1 ' 2 and L^' 2 with respect to (Wg) s ^T]- 

Under g^-g^D the SDE {HQ) has a unique strong solution in S 2 (R m ); see for instance, Karatzas 
and Shreve |13| . A Markovian BSDE based on X t,x is of the form 

Yf> x = h(X% x )+ / g^X^X'^Z^dr- Z^ x dW r (4.5) 

J s J s 

for measurable functions g : [0, T) x R m x R x R n ->• R and /i : R m ->■ R. 

It is well-known that if g is sufficiently regular in (r,x) and Lipschitz in (y,z), u(t,x) = Y^' x is a 
viscosity solution of the parabolic PDE with terminal condition 

Ut(t, x) + Cu x \u(t, x) + g(t, x, u(t, x),Vua(t, x)) = 0, u(T, x) = h(x), (4-6) 

where ^ 

i,j i 

see El Karoui et al. [10]. Since Theorem 11.21 and Corollary 11.41 give bounds on solutions of BSDEs, 
we can generalize this relationship between BSDEs and PDEs to the case where g is non-Lipschitz 
in (y, z). To do that we require g and h to satisfy the following conditions: 

(CI) There exists a constant A G M + such that \h{x) — h(x')\ < ^4maxj \x% — x[\ for all x,x' G R m . 

(C2) There exist a constant B G R+ and a nondecreasing function p : M + — >■ R + such that 

\g(t, x, y, z) - g(t, x, y', z)\ < B\y - y'\ and \g(t, x, y, z) - g(t, x, y, z')\ < p (\z\ V \z'\) \z - z'\ 

for all t G [0, T], x G R m , y, y' G R and z, z' G R™. 

(C3) Jq g(t, 0,0, 0) 2 dt < oo and there exists a constant G G M+ such that for every pair (y,z) G 
Rxl" with 

|*| < N := (a + — j^ g) £e( fi + F ) T 
one has x, y, z) — g(t, x',y,z)\ < Gmaxj \x-i — x[\ for all t G [0, T] and x, x' G R m . 
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(C4) There exists a constant H G R + such that 

\g(t, x, y, z) - g(t, x', y, z) - g(t, x, y', z) + g(t, x' , y',z')\ < H max \x{ - x-| (\y - y'\ + \z - z'\) 

for all t G [0,T], x,x' G M m , y,y' el and z, z' G R n with |z|,|z'| < N. 

Proposition 4.1. Assume (C1)-(C4). Then for every (t,x) G [0, T] x R m , f/ie Markovian BSDE 
(j43D /uu a unique solution (Y^ x , Z tiX ) in Sf(R) x H°°(R n ), and 

/ i _ P -B{T-s) \ 
\Zl' x *\ < I A + G Ee B{T - s) e F{T " t) ds ® dP-o.e. /or all i = 1, . . . ,n. 

Proof. If we can show that the BSDE satisfies (Al) with ^ = AEe F ^ T ~ t \ (A2), (A3) with 

Oi = GEe F{ ?~ t ' ) but without /(.,0,0) G H 4 (R) and (A4) with a constant if, then the proposition 
follows from Theorem 11,21 and Remark 11.31 

(A2) is a direct consequence of (C2). By Lemma 14.21 below. Xt' x is in (B*' 2 ) m for all t < s < T 
and \D l r X t s ' x ' :> \ < Ee F ( T ~^ dr (g) dP-a.e. for all i and j. It follows from the Lipschitz condition (CI) 
and Proposition 1.2.4 of Nualart [16] that h(X^ x ) is in B*' 2 and for all i = 1, . . . , n, there exists an 
m-dimensional random vector A satisfying 

m m 

Dih{X^ x ) = ^ \ J lK.\', r - J and J2\A j \ < A. 

i=i j=i 

This shows that the terminal condition £ = h(x!f, x ) satisfies (Al) with A,i = AEe F ^ T ~ t \ Analogously, 
it follows from (C3) that for every pair (y,z) such that \z\ < N, g(., X t,x , y, z) belongs to L*' 2 and 
\D l r g(s, X l s ' x ,y,z)\ < GEe Fi ~ T ~ t \ So (A3) holds with % = GEe F( - T ~ t \ The same argument applied 
to 

9{s, x, y, y', z, z) = g(s, x, y, z) - g{s, x, y' , z) 

gives \Dig(s,Xt' x ,y,z) - D%g(s, X\' x ,y' , z')\ < HEe F< - T ~ t \\y - y'\ + \z - z'\) for all y,y' G R and 
z, z' G R n with \z\, \z'\ < N. This shows that (A4) holds with a constant K. □ 

Lemma 4.2. For all < t < s < T and x G R"\ X f s ' x is in (B*' 2 ) m and 

\Dlxl' x ' j \ < £e F(T_t) dr® dF-a.e. for all i = 1, . . . ,n and j = 1, . . . ,m. 

Proof. It follows from Theorem 2.2.1 of Nualart |16| that Xl' x is in (Bj' 2 ) m . Moreover, one obtains 
from the Lipschitz condition (|4.4p and Proposition 1.2.4 of Nualart [16J that there exists an M mxm - 
valued process A such that 



D%{s, X l f) = A j s l D i Xl' x ' 1 and l A « I ^ R 

1=1 1=1 

It follows that bj(u, Xu X )du G ©J' 2 with 

DJ. J bj{u,X*f)du < j \Dibj(u,X^ x )\du<F J maxlDlX^ldu. 
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Moreover, \D % Yl?=i a jl{ u )dWl b \ = \ a ji\t,s]\ < E. Therefore, 

max \Dixl' x ' j \ <E + F [ max \D l r X% x > j \du, 

3 Jt 3 

and one obtains from Gronwall's lemma that \DlXi' x ' J \ < Ee F ( s ~^ dr cflP-a.e. □ 

If the function h is bounded, one can relax some of the assumptions of Propositon 14.11 on g as 
follows: 

(Dl) The function h satisfies (CI) and is bounded by a constant C G R + . 

(D2) There exist constants B,D G R+ and a nondecreasing function p : R + — > R + such that 

\g(t, x, y, z) - g(t, x, y' , z)\ < B\y - y'\ 
\g(t,x,y,z) - g(t,x,y,z')\ < p{\z\ V \z'\)\z - z'\ 
\g(t,x,y,z)\ <D(l + \y\)+p(\z\)\z\ 

for all t G [0,T], x G R m , y € R with |y|, |y'| < i? := (C + l)e DT - 1 and all z,z' G R". 

(D3) Condition (C3) holds for all (y, z) G R x R" such that |y| < i? and \z\ < N. 

(D4) Condition (C4) holds for all t G [0, T], x, x' G R m , y, y' G R and z, z' G R n such that |y|, \y'\ < R 
and Izl, \ z'\ < N. 



Proposition 4.3. Assume (D1)-(D4). Then for all (t,x) G [0, T] x R m , the Markovian BSDE (03]) 
/ias a unique solution (Y^ X ,Z^ X ) in § t °°(R) x M i 00 (R n ), and 

\Y*' X \ < (C + l)e D(T ~ s) - 1 /or all s G [t, T] 

/ 1 - P - B ( T - S ) \ 
\Z l s ' x ' l \ <\A + — G Ee B{T - s) e F{T ~ t) ds ® dF-a.e. for all i = 1, . . . , n. 

Proof. (D1)-(D4) imply (B1)-(B4). Therefore, the proposition follows from Cor pilar v 1 1 . 41 like Propo- 
sition SJ] follows from Theorem ll.2i □ 



Corollary 4.4. // the assumptions of Proposition \4-l\ or Proposition \4-3\ hold, then the PDE (|4.6p 

has a viscosity solution u such that for all (t,x) G [0,T] x R m , u(s,X s ' x ) = Y s ' x , t < s < T , where 
X t,x and Y t,x are solutions of (|4.ip and (|4.5|) . respectively. 

Proof. If the assumptions of Proposition [4J] hold, the BSDE fl45]) has for all (t,x) G [0, T] x R m a 
solution {Y t,x , Z t,x ) such that Z t,x is bounded by N . So (Y t,x , Z t,x ) also solves (|4.5|) if g is replaced by 
a function g that agrees with g for \z\ < N and is Lipschitz in (x, y, z). It follows from Theorem 4.3 of 
Pardoux and Peng [T7] that u{t,x) := Y t ' x is a viscosity solution of (I4.6P such that u(s,xt ,x ) = Ys' x , 
t<s<T. 

Under the assumptions of Proposition 14. 3( the BSDE (14. 5 p has a solution (Y t,x , Z l ' x ) such that 
Y^ x is bounded by (C + l)e DT - 1 and Z^ x by iV. Then (Y*> x , Z f ' x ) still solves g3|) if g is replaced 
by a function g that is Lipschitz in (x,y,z) and agrees with g for |y| < (C + l)e DT — 1 and |z| < N. 



As above it follows that u(t,x) := Y/'^ is a viscosity solution of (|4.6p such that -u(s,A^ ,:r ) = Yg' x , 
i < s < T. □ 
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Corollary 4.5. Assume the conditions of Proposition \4^3\ hold and set u(t,x) := Y^' z . If for every 
L G M + , there exists a constant jl G M and a continuous function 5l '■ — > M + with Sl(0) = 
such that 

g(t, x, y', va(t)) - g(t, x, y, va(t)) > ^ L {y - y') 
\g(t,x,y,va(t)) - g(t,x',y,vo-(t))\ < 5 L (\x - x'\(l + |v|)) 

for all (t,x,x') G [0,T] x R m x M. m , —L < y' < y < L and v G W m , then u is the unique bounded 
viscosity solution of the PDE (|4.6[) . 



Proof. This follows from Section 4.2 of Ishii and Lions [12]. □ 



Under appropriate assumptions on the coefficients b, a, g and h, the PDE (|4.6p has a unique 
classical solution. 



Corollary 4.6. Assume g 2 (t, 0,0, 0)dt < oo, b only depends on x, a is a constant and b,g,h 
all C 3 in (x,y,z). Then one has the following: 



are 



a) // (C1)-(C2) hold and b, g, h have bounded derivatives of first, second and third order in (x, y, z) 
on the set {(t,x,y,z) G [0,T] x W n xlxl": \z\ < N}, then the PDE P~6|) has a unique so- 
lution u of class C ' 2 such that V«<7 is bounded, and 

( 1 - p- B ( T -*) \ 
\Vua(t, x)\<y/nlA+ — G Ee^ B+F ^ T -^ for all (t, x) G [0, T] x W m . 

b) If (D1)-(D2) hold and b, g, h have bounded derivatives of first, second and third order in (x, y, z) 
on the set {(t,x,y,z) G [0, T] x R m x R x R n : \y\ < (C + l)e DT - l,\z\ < N}, then (gSJ has 
a unique solution u of class C 1 ' 2 such that u and Vucr are bounded. Moreover, one has 

( 1 - P - B (T-t) \ 

\u(t, x)\<(C + l)e D ( T -*) - 1 and \Vua(t, x)\ < y/n [ A+ —-^ G Ee^ B+F ^ T ~^ 



D 



for all (t, x) G [0, T] x 



Proof. It follows from the assumptions by the mean value theorem that in case a), (C3)-(C4) are 
satisfied and in case b), (D3)~(D4) hold. So one obtains from Propositions 14. l l and 14.31 that in both 
cases, the BSDE g3]) has a unique solution (y*>* Z l ' x ) in S 2 (M) x M t 00 (R ri ). Moreover, 

/ -i p -B{T~t) \ 

\ Z ^\ < yfc U + G Ee^+W'V, 

and in case b), \Y t,x \ < (C + l)e D ^ T ~~^ — 1. By modifying g for pairs (y, z) that are not attained 
by (Y t,x , Z t,x ), one can assume that it is Lipschitz in (y,z). Then it follows from Theorem 3.2 of 
Pardoux and Peng |17j that u{t,x) := Y^ ,x defines a C 1,2 solution of the PDE By Corollary 

4.1 of El Karoui et al. [10], one has 

\(Vua)(t,x)\ = \Zf x \ < y/n(A + - — GJ Ee^^, 

and in case b), \u(t,x)\ = \Y^ X \ < (C+ l)e D ( T -*) - 1. 
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Finally, let us prove uniqueness. In case a), if the PDE (|4.6p has another solution v of class C 1 ' 2 
such that X7va is bounded, it follows from Ito's lemma that (Y s ' x , Z s ' x ) = (v(s, Xt' x ), (S7va)(s, Xt' x )) 
is another solution of the BSDE (|4.5p . Boundedness of Z t,x implies that Y t,x is in S 2 (M). By the 
uniqueness result of Propositions 14. 1| one has (Y*> x , Z t,x ) = (Y t,x , Z t,x ), and therefore, u = v. In 
case b), uniqueness follows by the same argument. □ 

As a consequence of the results in this section, one obtains the following corollary for PDEs with 
initial conditions of the form 

u t = Au + g(u,Vu), u(0,x) = h(x), (4.8) 

where u : [0, TjxRM R. 

Corollary 4.7. Consider the following conditions: 

(i) g and h satisfy (C1)-(C2). 

(ii) g and h satisfy (D1)-(D2). 

(hi) For every L S M+ there exists a constant 7i £ R such that g(y' , z) — g(y,z) > 7l(?/ — y') for 
all -L <y' <y < L and z £ W 1 . 

(iv) g and h have bounded derivatives of first, second and third order on the set 

{(x,y,z) £R m xlxl" : \z\ < ^Ae BT ) . 

(v) g and h have bounded derivatives of first, second and third order on the set 

{(x,y,z) G R m xlxl": \y\ < (C + l)e DT - l,\z\ < ^Ae BT } . 

Then the following hold: 

a) If (i) is satisfied, the PDE (14. 8p has a viscosity solution u. 

b) If (ii) is satisfied, the PDE (|4.8p has a viscosity solution u satisfying \u(t, x)\ < (C + l)e Dt — 1. 

c) If (ii) and (hi) are satisfied, the PDE (|4.8p has a unique bounded viscosity solution. 

d) If (i) and (iv) are satisfied, the PDE (|4.8p has a unique C 1, 2 -solution with bounded gradient 
Vu, and \ Vu(t,x)\ < jnAe Bt . 

e) If (ii) and (v) are satisfied, the PDE (|4.8|) has a unique bounded C ,2 -solution with bounded 
gradient Vu, and one has \u(t,x)\ < (C + l)e Dt — 1 as well as \Vu(t,x)\ < ^/nAe Bt . 

Proof. Set m = n, b = and a = \[2Id. Corollary 14.41 applied to g(y,z) = g(y,z/\/2) yields that 
under (i) or (ii) the PDE with terminal condition, 

v t + Av + g(v, Vv) = 0, v(T,x) = h(x) (4.9) 

has a viscosity solution v : [0, T] x 1" -4 M. Moreover, if (ii) holds, one obtains from Proposition 
[431 that |f(t,x)| < (C+ l)e D(T ~ 4) - 1. It follows that under both conditions, (i) and (ii), u(t,x) := 
v(T — t,x) is a viscosity solution of (14. 8h . which in case (ii) satisfies u(t,x) < (C + l)e Dt - 1. This 
shows a) and b). If (ii) and (hi) hold, one obtains from Corollary 14.51 that v is the unique bounded 
viscosity solution of (|4.9p . Therefore, u is the unique bounded viscosity solution of (|4.8p . This proves 
c) . Finally, d) and e) follow from Corollary 14.61 □ 
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Remark 4.8. In the special case g(y, z) = ii\z\ p the PDE (|4.8p was studied by Amour and Ben-Artzi 
m as well as Gilding et al. [11]. Amour and Ben-Artzi pQ proved the existence and uniqueness of a 
classical solution for fi ^ 0, p > 1 and h a bounded C 2 function with bounded derivatives of first and 
second order. Gilding et al. [11] proved the existence and uniqueness of a classical solution for [i = 1, 
p > and h a continuous bounded function. Equation (j4.8|) is more general, but for the existence of 
a viscosity solution we need g to be locally Lipschitz in z. To obtain a classical solution we have to 
assume that g and h are C 3 . 



5 BSDEs with random terminal times and PDEs with Dirichlet 
boundary conditions 

5.1 BSDEs with random terminal times 

Let r < T be a stopping time and £ an J^-measurable random variable. 

Definition 5.1. We say an R x M. n -valued predictable process {Y,Z) solves the BSDE with random 
terminal time, 

Y t = Z+ [ T f(s,Y s ,Z s )ds- [ T Z s dW s , (5.1) 

JtAT Jt/\T 

if £ \\f(t,Y t , Z t )\dt + \Z t \ 2 )dt < oo, Z t = 0fort>r and d5HJ) is satisfied for allO<t<T. 
Suppose that for every oj G Q, the ODE 

yt(u) = - [ f(s,u,y s (co),0)ds, te[r(u)),T\, (5.2) 

Jt(u) 

has a unique solution y(u), and set := yr(^)- Note that l{ T <t}yt is adapted, and in the special 
case f(t, y, 0) = 0, t > r, one has £ = £. 

Proposition 5.2. Assume £ satisfies (Al) and f fulifills (A2)-(A4). Then the BSDE (|5TT1) has a 

unique solution (Y, Z) in S 4 (M) x H°°(]R n ), and 

\Zi\< ^Ai + J qi(s)e- B( - T - s) ds^ e B ( T ~*) dt®dF-a.e. for all i = 1, ...,n. (5.3) 
Proof. If | satisfies (Al) and / fulfills (A2)-(A4), it follows from Theorem O that the BSDE 

Y t = i + ^ f(s, Y s , Z s )ds - ^ Z s dW s 
has a unique solution (Y, Z) in § 4 (R) x H 00 ^), and Z satisfies the bound (JOJ). Let 



T \ 2 



and notice that (Y, Z) also solves the BSDE 

Y t = i+ [ T f(s, Y s , Z s )ds - I Z s dW s , (5.4) 
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where / is the 4-standard driver 

/(*, y, z ) = 

By Theorem 3.4 of Darling and Pardoux [6], the BSDE with random terminal time, 



f(t,y,z) if \z\ < Q 
f(t,y,Qz/\z\) i£\z\>Q 



Y = £ + f T f(s, Y s , Z s )ds - f T Z s dW s , (5.5) 

Jtf\T J tAT 

has a unique solution (Y, Z) in § 2 (R) x H 2 (IR n ). Now, note that the pair (Y,Z) given by Y ■= 
Y t l {t < r} + y t l{ T< t} and Z t := Z t l {t < r} is in § 2 (M) x H 2 (R n ) and solves the BSDE fl53). But since 
{531 can onl y nave one solution in S 2 (M) x M 2 (lR n ), one has (Y, Z) = (Y,Z). In particular, (Y,Z) 
belongs to S 4 (M) x M°°(IR n ), and Z satisfies the bound (jOj) . It follows that (Y, Z) solves the BSDE 

Finally, if (Y', Z') is another solution in S 4 (R) x M°°(M n ) it must be equal to (Y, Z) since both 
solve the BSDE (|5.5|) for a 4-standard driver /' that coincides with / for \z\ < Q', where Q' G M+ is 
a bound on Z and Z'. □ 

Proposition 5.3. If £ is bounded by a constant C G R +; £ satisfies (Al) and / fulfills (B2)-(B4) 
wt/i i? = (C + l)e 2DT — 1 instead of R = (C + l)e DT — 1, £/ten £/te BSDE (|5.ip /tas a unique solution 
(Y, Z) in §°°(R) x H°°(M n ), and 

I Y| < (C + l)e D(T -' } - 1 /or a// f G [0, T] (5.6) 



Z*| < [ A i + J t qi(s)e- B( - T - s) ds^J e^'^ dt ® dP-a.e. /or alli = l,... 



n. (5.7) 



Proof. By condition (B2), one has |yt(w)| < C+ J^/ w \ -D(l+|y s (u;)|)o!s. So one obtains from Gronwall's 

lemma that |£| < (C + l)e DT — 1. Now it follows from Corollary 11.41 by the same arguments as in 
the proof of Proposition E2 that the BSDE ([EE} has a unique solution (Y, Z) in S°°(R) x HP^M™) 
and the bound (|5.7|) is satisfied. To complete the proof, notice that since one has Y = £ and Z t = 
for t > r, (Y, Z) satisfies the BSDE 

Y = £ + [ T f(s,Y s ,Z s )l {s < T} ds- C Z s dW s . 
Jt Jt 

So it follows from the comparison argument in the proof of Corollary 11.41 that (I5.6P holds. □ 

5.2 Semilinear parabolic PDEs with Dirichlet boundary conditions 

Let O be an open connected subset of M. m . For every pair (t,x) G [0, T] x O, consider the SDE 

Xl' x = x + f b{r,X^ x )dr + f o-(r)aW r , 

where b and o" fulfill the conditions (|4.2p - (|4.4p . Define the stopping time 

t 1 > x := inf {s > t : X l f $ O) AT, 
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and consider the BSDE with random terminal time 

= h{X%) + f g(r, X l fX'\ Z^)dr - f Z^dW r , t<s<T, (5.8) 

where h : 6 ->■ R and g : [0, T] x 6 x R x R n ->• R. Let g : [0, T) x R m x R x R n -> R be an extension 
of g such that for every uj, the ODE 

has a unique solution y t,x {ui), and set £ i,a; (u;) := y!fi x (u) . In the following two propositions we need 
to satisfy the following condition: 

(E) there exist constants A { G M + such that for all (t,x) G [0,T] x (5, I*' 3 "' G D 1 ' 2 and \D l r i l ' x \ < 
Ai dr <g> dP-a.e. for all i. 

Proposition 5.4. Assume g has an extension g : [0, T] x R m x R x R n — > R satisfying (E) and 
(C2)-(C4) mt/i 



E(A+ GEe-(l-e-«' ) ^_ BT 



instead of N = y/ri (A + i=|— GJ Ee i - B+F ^ T . Then, for each pair (t, x) G [0, T] x O, the BSDE <^ 
has a unique solution (y l > x ,Z l > x ) in S 2 (R) x H£°(R n ), and 



<L4, ; + ^— - l\ e B{T-8) ds®(ffl-a.e. for alii = l,...,n. (5.9) 



Proof. Fix (i,x), and set f;*' 1 := h(X^ x x ). By assumption (E), £' ,:r satisfies condition (Al), and it 
follows from the other assumptions like in the proof of Proposition ^. II that g(s, Xt' x ,Ys' x , Zl' x ) fulfills 
(A2), (A3) with q { = GEe F ( T ~^ but without g(s, Xt' x ,0, 0) G M 4 (M) and (A4) with a constant K. 
Now the proposition follows from Theorem 11.21 and Remark 11.31 like Proposition 15.41 followed from 
Theorem 11.21 □ 

Proposition 5.5. Assume h is bounded by a constant C G R+ and g has an extension g : [0, T] x 
R m xlxlMI satisfying (E) and (D2)-(D4) with 



N 



E(A+ G ^g- e -^ y eBT 



instead of N = ^(a + 1 =^G) Ee^ B+F ^ T and R = (C + l)e 2DT -l instead of R = {C + l)e DT -l. 

n hen, f 
noanon) and 



B 

Then, for each (t,x) G [0,T] x O, the BSDE (|53J| has a unique solution (Y i ' x ,Z t ' x ) in Sf(R) x 



\Y*' X \ <(C + l)e D(T " s) - 1 for all s G [i,T] 

Zt'^l < (a { + GEeF(T t)( - 1 B ~ 6 e B{T ~ s) ds ® dF-a.e. for all i = 1, . . . ,n 
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Proof. The result follows from Corollary 11.41 like Proposition 15,41 follows from Theorem 11.21 and 
Remark O □ 

An important assumption of Propositions 15.41 and 15.51 is that g satisfies condition (E) . If, for 
instance, g(t,x,y,0) = 0, then £*> x = h(X t '^ x ). So if h is Lipschitz continuous and X f jX is in B 1 ' 2 
with bounded Malliavin derivative D r X^ x , it follows like in the proof of Proposition 14.11 that (E) 
holds. 

Under appropriate assumptions, a solution to the BSDE (|5.8p yields a solution to the following 
PDE with Dirichlet boundary conditions: 

Ut(t, x) + £( t>x }u(t, x) + g(t, x, u(t, x), (Vua)(t, x)) = for (t, x) € [0, T) x O 

u(t,x) = h(x) for (t,x) € [0, T] x dO and (t,x) G {T} x O, ( ''' J ' 0) 

where ^ 

£(t,x) ■= 2 /Z^^^i^ 9 ^ 9 ^ + Yl h i{t,x)d Xi . 

The next result is a consequence of Theorem 2.2, Lemma 3.1 and Theorem 3.2 of Peng |19j . 
Theorem 5.6. (Peng, 1991) Assume the following conditions hold: 

(Fl) b : [0,T] x R m R m is in (^([(LT] x 6), a : [0,7] M mxn is in C^O,! 1 ], and there exists 
a constant e > snc/i £/ia£ [aa T ) i . (t)viVj > e\v\ 2 for all (t,v) € [0, T] x W m 

(F2) O is bounded and dO is C 3 

(F3) h is C 3 and C {t ^ x) h(x) + g(T,x,h(x),Vh(x)a{T)) = for x e dO 

(F4) g(t, x, y, z) is continuously differ entiable in (t, x, y,z) G [0, T] x O x R x R n uii£/i bounded 
derivatives. 

Then the BSDE ([S3]) to a nniane solution (Y tiX , Z l ' x ) in S 2 (M) x H 2 (M n ) and u(t,x) := Y* ,x is the 
unique C 1 ' 2 -solution of the PDE (|5.10p . 



By applying Proposition 15.51 one can weaken condition (F4) in Theorem 15.61 

Corollary 5.7. Assume (F1)-(F3) are satisfied, g is continuously differ entiable in (t,x,y,z) £ 
[0,T] x O x R x R n and i/ie assumptions of Proposition [3751 /icdd. Lei (Y t,x ,Z t,x ) be the unique 
solution of the BSDE in §£°(K) x Ef^R"). T/ien n(t,x) := F t *' x is i/te nniane C 1 ' 2 -solution of 
the PDE (|5.10p . and one /ias 



|u(t, x)| < (C + l)e D(T - 4) - 1, |Vu(t, x)| < -= 



2 



E(A + 0£eF ' r -" ( ^ e ' B(r '" ) )>-". 

(5.11) 



Proof. It follows from Proposition 15.51 that the BSDE (|5.8p has a unique solution (Y t,x ,Z t,x ) in 
§ t °°(R) x EP°(R n ) with |y s M | < (C + l)e D ( T " s ) - 1 and 



^/ G^( T - i )(l-e- B ( T ^))\ 2 B , T rt , 
^ 2J (^i H ^ J e*™ - *' ds (8) dP-a.e. 
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By modifying g for pairs (y,z) that are not attained by (Y t,x , Z t,x ), one can assume that it has 
bounded derivatives. Then one obtains from Theorem 15,61 that u(t,x) := Y*' x is a C 1,2 -solution of 
the PDE (|5.10p . It can be seen in the proof of Theorem 3.2 of Peng [19] that Z\' x = Vu(t, x)o~(t). 
So the bounds (|5.1ip follow from condition (Fl). 

If v is another C 1,2 -solution of (|5.10|) . v and X7v are bounded. Moreover, it follows from Ito's 
formula that Y l s ' x := v(s A T f ' x , JfJ*^..), Z\* := Vu(s,I^ tI ,>(s)1 {s < t } solve the BSDE (jlT8|) . So 
one obtains from the uniqueness result of Proposition 15.51 that u(t,x) = v(t,x). □ 

6 Markovian BSDEs based on reflected SDEs and PDEs Neumann 
boundary conditions 

In this whole section, O C R n is an open connected domain and b : O — > R n , a : O — > R nxn are 
bounded Lipschitz functions. We assume that O satisfies the uniform exterior sphere condition and 
uniform interior cone condition introduced by Saisho [21]. They are defined as follows: For y E dO 
and r > 0, define J\f y , r := {d £ R* : \v\ = l,B r (y - rv) Pi O = 0} and M y := U r>0 AAj /ir where B r (y) 
denotes the ball around y with radius r. 

Uniform exterior sphere condition 

There exists a constant tq > such that M y = M y ^ / for all y E DO. 
Uniform interior cone condition 

There exist constants 5 > and e E [0, 1) with the following property: for every y E dO, there 
exists a unit vector v E M n such that 

{z E Bj(|/) : (2 - x, v) > e\z - x\} C 6 for all x E B{(y) n dO. 



6.1 Reflected SDEs and Markovian BSDEs 

For every pair (t,x) E [0,T] xOwe define a diffusion X 4 '^ that is reflected at the boundary of O. 
Let v(y) E AAy be a vector field on dO. Note that if 90 is smooth, then v{y) is the unit inward 
normal vector at y. It is shown in Saisho [21] that for all (t,x), there exists a unique pair {X l ' x , L* ,x ) 
of continuous adapted processes with values in O x M + such that for all s E [t, T], 



f'S f* s /* s 

X t f = x + / 6(X^)dr+ / a(X t r ' x )dW r + / v{X\: x )dL^ x 
Jt Jt Jt 

L^ x = J \ ^ x t,x ^Q^dL 1 ^ and L t,x is nondecreasing. 



(6.1) 



Let g : [0, T] x0xRxR"->K and /i : O — > R be measurable functions and consider the BSDE 

Y^ x = h(X^ x ) + / g(r, X^ x ,Y r t,X , K' X )dr - / Z f r ' x dW r , t<s<T. (6.2) 

J s J s 

Proposition 6.1. Assume there exists a constant M E R+ such that for all < t < s < T and 

xeO, 

I^ED 1,2 and \D r X t s > x \ < M dr®dF-a.e. (6.3) 
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If g and h satisfy (C1)-(C4) with 

/ 1 _ p BT \ / 1 _ p-BT \ 

JV = Vn f 4 + — ^ — Gj Me BT insiead of N = ^n~lA + — - G J Ee (B+F)T , 

then dS2D has for all (t,x) G [0,T] x a umgue solution (y*>* Z f ' x ) G S t 2 (M) x H°°(R n ), and 
/ 1 _ e -B(T-s) \ 

\Z t f> 1 \<\A + - G\Me B{T ~ s) ds® dF-a.e. for all i = 1, . . . ,n. 

If g and h satisfy (D1)-(D4) with 

AT = V^M + — ^ — G\Me BT instead of N = ^/n~(A + — G\Ee {B+F)T , 

then ([62D has a unique solution (Y t ' x ,Z t ' x ) G S|°(R) x Hf^R"), and 

|y? ,x | < (C + l)e D ( T " s ) - 1 /or a// s G [t,T] a.s. 
/ 1 _ e -B(T-s) \ 

\Zl' x ' l \ < L4 + G \ Me BiT ~ s) ds® dF-a.e. for all i = 1, . . . ,n. 

Proof. If g and h satisfy (C1)-(C4), the proposition follows like Proposition 14.11 and if g and h fulfill 
(D1)-(D4), it follows like Proposition [OJ □ 



(|6.3p is a crucial assumption of Proposition 16.11 The following lemma gives a sufficient condition 
for it. 

Lemma 6.2. Assume that O is a convex polyhedron with nonempty interior in R n ; b = 0, and 
a = eld for a constant c G R+ . Then condition (|6.3p holds. 

Proof. It follows from Theorems 2.1 and 2.2 in Dupuis and Ishii [9] that Xl' x is Lipschitz continuous 
in W with constants A±,..., A n independent of t, s and x. So the statement follows from Proposition 
EJ2J □ 

6.2 Semilinear Parabolic PDEs with Neumann boundary conditions 

Assume that O C R n is bounded and there exists a function w G C 2 (W l ) with bounded derivatives of 
first and second order such that O = {w > 0}, dO = {w = 0}, M. n \0 = {w < 0}, and |Vw(x)| = 1 for 
x G dO. Then O satisfies the uniform exterior sphere condition and uniform interior cone condition. 
So for all (t, x) G [0,T] x O, there exists a unique pair of continuous adapted processes (X t,x , L t,x ) 
with values in O x R + such that 

Xl' x = x+ fb{X t ; x )dr+ I* a{X t ; x )dW r + f VwiX^dL^ 
Jt Jt Jt 

L^ x = J l^t^^Q^dl}^ and L t,x is nondecreasing. 

If the forward process is of this form, the Markovian BSDE f)6.2j) is related to the following PDE 
with Neumann boundary conditions for functions u : [0, T] x R n — > R: 

u t (t, x) + C x u(t, x)+g (t, x, u(t, x), (Vua)(t, x)) = for (t, x) G (0, T)xO 

du - (6-4) 

— (t, x) = for (t, x) G (0, T) x dO and u(T, x) = h(x) for x G O, 

on 
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where ^ 

i=l i,j i 

Proposition 6.3. Assume condition (|6,3p holds and g,h satisfy (D1)-(D4) with 

iV = ^(,4 + — - — G\Me BT instead of N = ^n~(A + — G\ Ee {B+F)T . 

Let (Y t ' x ,Z t ' x ) be the solution of the BSDE ([62]). Then, u(t,x) := Y t ' x is a viscosity solution of the 
PDE (j63D satisfying \u{t,x)\ < (C + l)e D< - T -^ - 1 for all (t,x) G [0,T] x 6. 

Proof. One can assume that g is Lipschitz in (x,y,z) by modifying it for large (x,y,z). Then the 
results of Pardoux and Zhang [18] apply, and one obtains that u(t, x) := Y^ ,x is a viscosity solution 
of the PDE {53]). By Proposition IO it is bounded by (C + l)e D ^ T ~^ - 1. □ 



If one makes stronger assumptions on O, b, a and g, the viscosity solution u of Proposition 
is unique. We denote by S n the set of all symmetric n x n-matrices and define the function F : 

[0,T]xrxKxl"x5"4l by 

F(t, x, y, v, S) := -- ^2(aa T ) ij (x)S ij - ^ k(x)Vi - g{T - t, x, y, va(x)). 

i,j i 

Proposition 6.4. Assume the boundary function w is C 3 with bounded derivatives of first, second 
and third order, g is continuous in (t,x,y,z) and the conditions of Proposition [6731 hold. Moreover, 
suppose that for all L,L' G R + , there exist a constant jl G K and a function 5l,u ■ R+ — > R+ 
satisfying lim x ^o 5l,L'( x ) = such that the following two conditions hold: 

(i) g(t, x, y', va{x)) - g(t, x, y, va{x)) > ~f L {y - y') for all (t, x) G [0, T) x O, —L < y' < y < L and 
v G R n . 

(ii) 

F{t, x', y, v', S') - F(t, x, y, v, S) < 5 L)L , L + \x - x'\{l + |v| V \v'\) + |x ~* 1 ^ 

for all r],e G (0,1], t G [0,T], x,x' G O, \y\ < L, v,v' G R n and S,S' G S n satisfying the 
following three properties: 

L 't^ ( S \ L' f Id -Id\, T , T , 

-^ Id -[o -s' )-^{-id id ) +Lr,Id 

\v - v'\ < L'n£(l + \v\ A \v'\) 
\x — x'\ < L'rje. 

Let (Y*>* Z* 1 *) be the solution of the BSDE flB3]l . Thenu(t,x) := Y/ ,:r is t/ie unique viscosity solution 
of the PDE Kty . 



Proof. By Proposition 16.31 u(t,x) := Y^' x is a viscosity solution of (|6.4p . Uniqueness follows from 
Theorem 3.1 of Barles [2]. □ 
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The unique viscosity solution of Proposition 16.41 is actually of class C 1,2 if one strengthens the 
assumptions. 

Proposition 6.5. Assume the conditions of Proposition 6.4 are satisfied and the following hold: 

(i) a is C 2 ((D) with bounded derivatives of first and second order and there exists a constant e > 
such that Y2ij { a<jT )ij ( x ) v i v j — e \ v \ 2 f or a M x i v ^ 

(ii) b(x)v + g(t, x, y, vcr(x)) is continuously differentiable in (t,x,y,v) 

(iii) h = 0. 

Then the PDE (j6.4j) has a unique C 1,2 -solution u, and 

\u{t,x)\ < e D ( T "*)-l (6.5) 

\Vu(t,x)\ < ] j^^A+ 1 ~ G^j MeW-*. (6.6) 

Proof. We can assume that g is Lipschitz in (x,y,z) by modifying it for large (x,y,x). Then it 
follows from Theorem V.7.4 of Ladyzenskaja et al. |15j that there exists a C 1,2 solution. So the 
unique viscosity solution u of Proposition 16.41 is C 1,2 . From Pardoux and Zhang [18], we know 
that Ys' x = u(s,Xl' x ). Since h = 0, one obtains from Proposition 16.31 that u satisfies (16. 5j) . Now 
fix (t,x) G (0,T) x O and let a > be a constant such that {y G R : \y — x\ < a} C O. Define 

the stopping time T t,x := inf |s > t : \Xl' x — x\ > aj A (t + a). Then O^Jj-t,*, Zs' x l{s<T t > x }) and 

(u(s A r*' s , J£*'^ tia .), (Vno")(s, Xs' x )l{ s < r i,a ; }) are bounded solutions of the BSDE 

Y s = u{t**,X%) + g{r,X^\Y^ ,Zl' x )l {s < Tt , x} dr - I ' + ° Z^dW r , (6.7) 

J s J s 

on [t, t + a]. By modifying 5 for large (x, y, z), one can assume that it is Lipschitz in (x, y, z). Then 
(]6.7p is a standard BSDE and has a unique solution. Therefore, one obtains from Proposition 16.11 
that 

/ I _ p -B{T-s) \ 

\(yuo-){s,Xl> x )l {s < T t,x } \ = \Zl' x l {s < T t, x} \ < y 7 ^ ( A + G ] Me B(T ^ s) ds <g> cflP-a.e. 



on [i, i + a], and in particular, 



/ 1 - p- B ( T - t ) \ 
\(Vua)(t,x)\ <^\A + ^—^ G J Me B ^ T ~ t \ 

which by condition (i), gives the bound (|6.6p . □ 

As a consequence of Propositions 16.11 and 16.31 one obtains the following result for PDEs of the 
form: 

u t = u xx + g(u,u x ) on [0, T] x (c, d) 

u x = on R + x {c, d} and u(0, x) = h(x) for x G (c, d), 
where « : [0, T] x [c, d] -> R. 
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Corollary 6.6. Assume h satisfies (CI) and g fulfills (D2). Then (|6.8p has a viscosity solution u 
satisfying 

\u(t,x)\ < ( sup |/i(x)| + 1 ) e Dt - 1, (t, x) € [0, T] X [c, d] . 

Moreover, if g is continuous in y, for every L E M+, i/iere exists a constant 7/, E M suc/i that for all 
—L < y' < y < L and z E R n , one has 

9(y',z) - g(y,z) >j L (y -y') (6.9) 

and F(t, x,y,v, S) = J2i j $ij ~ 9( v i v ) satisfies condition (ii) of Proposition [d^| then u is the unique 
viscosity solution. If in addition, h = and g is C 1 , then u is C ,2 and satisfies 

\u x (t,x)\ < 3Ae Bt for all (t,x) E [0,T] x [c,d]. 

Proof. Set 6 = 0, o" = \[2Id and g(y,z) := g(y,z/\/2). Since /i is Lipschitz continuous and [c, d] 
is compact, /i is bounded. Therefore, <? and /i satisfy (D1)-(D4) with C = sup c<x<d \h(x)\ and 
G = H = 0. So one obtains from Proposition 16.11 and Lemma 16.21 that the BSDE (j6.2|) has a unique 
solution {Y^ X ,Z^ X ) in Sf D (IR) x H^IT) with \Ys' x \ < (C + l)e D ( T " s ) - 1. It can be seen from 
Theorems 2.1 and 2.2 of Dupuis and Ishii [9] together with Proposition 13.21 that condition f|6.3|) is 
satisfied with M = 3y/2. Therefore, Proposition 16.11 yields \zt' x \ < 3\/2 Ae B ^ T ~ s \ By Proposition 
16. 3| v{t,x) := Yt' x is a viscosity solution of the PDE 

vt + v xx + g(v,v x ) = on [0, T] x (c, d) 

^ = on [0, T] x {c, d} and v(T,x) = h(x) for x E (c, d), 

satisfying x)\ < (C + l)e D ( T_ ^ — 1. So u(t,x) := f;(T — t,x) is a viscosity solution of (|6.8p with 
x)| < (C + l)e Dt — 1. If g is continuous in y, (16. 9p holds and F(t,x,y,v, S) = Y^i j &ij ~ 9{Vi v ) 
fulfills condition (ii) of Proposition 16.41 then the conditions of Proposition 16.41 are satisfied. So u is 
the unique viscosity solution. If in addition, h = and g is of class C , one obtains from Proposition 
ESthat u is of class C 1 ' 2 and K(i,x)| < 3^e Bi . □ 
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